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Abstract. We consider the Hamiltonian of a system of three identical particles(bosons) 

on the d— dimensional lattice ,d = 1,2 interacting via pairwise zero-range attractive 
potential fi < 0. We describe precise location and structure of the essential spectrum of 
the Schrddinger operator K £ associated to and prove the finiteness of 

the number of bound states of K £ lying below the bottom of the essential 

spectram. Moreover, we show that bound states decay exponentially at infinity and eigen¬ 
values and corresponding bound states of K £ are regular as a function of 

center of mass quasi-momentum K £T'^. 
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1. Introduction 


Cold atoms loaded in an optical lattice provide a realization of a quantum lattice gas. 
The periodicity of the potential gives rise to a band structure for the dynamics of the atoms. 

The dynamics of the ultracold atoms loaded in the lower band is well described by 
the Bose-Hubbard hamiltonian ll20l : we give in section 2 the corresponding Schodinger 
operator. 

In the continuous case ii.iiTiiii the energy of the center-of-mass motion can by sepa¬ 
rated out from the total Hamiltonian, i.e., the energy operator can by split into a sum of a 
center-of-mass motion and a relative kinetic energy. So that the three-particle bound states 
are eigenvectors of the relative kinetic energy operator. 

The kinematics of the quantum particles on the lattice is rather exotic. The discrete 
laplacian is not translationally invariant and therefore one cannot separate the motion of 
the center of mass. 

One can rather resort to a Bloch-Floquet decomposition. The three-particle Hilbert 
space is decomposed as direct integral associated to the representation of the 

discrete group by shift operators. 



where ri{dp) is the (normalized) Haar measure on the torus Hence the total three- 
body Hamiltonian H of a system of three particles on d— dimensional lattice Z‘^,d > 1 
interacting via pairwise short range attractive potential V appears to be decomposable 
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The fiber hamiltonians H{K) depends parametrically on the quasi momentum K £ 
Td = (27rZ‘^). It is the sum of a free part depending on K continuously and an inter¬ 

action term, both bounded. 

Bound states 4’e,k are solution of the Schrodinger equation 

H{K)lj)E,K = ElpE^K i^E,K & 

The Efimov effect is one of the remarkable results in the spectral analysis of Hamiltoni¬ 
ans associated to a system of three-particles moving on the three-dimensional Euclid space: 
if none of the three two-particle Schrodinger operators (associated to the two-particle sub¬ 
systems of a three-particle system) has negative eigenvalues, but at least two of them have 
zero energy resonance, then the three-particle Schrodinger operator has an infinite number 
of discrete eigenvalues, accumulating at zero iniEiiiisiEiiifiiinKiii. 

The finiteness of eigenvalues (absence Efimov’s effect) have been proved for the Hamil¬ 
tonian of a system of three particles moving on d = 1,2 dimensional Euclid space in 

m. 

We consider the Hamiltonian H^ of a system of three identical particles(bosons) on d— 
dimensional lattice Z‘^,d = 1,2, interacting via pairwise zero range attractive potential 
/r < 0. 

We prove the finiteness of the number of bound states(absence of Efimov’s effect) of 
the Schrodinger operator H^{K), K G G C d = 1,2, where G C is a region, 
associated to the Hamiltonian H^. 

We describe a precise location and structure of the essential spectrum of the Schrodinger 
operator K £ Moreover, we show that bound states decay exponentially at in¬ 

finity and we establish that the eigenvalues and corresponding bound states of (K ), K £ 

are regular as a function of center of mass quasi-momentum K gT‘^. 

In HJ] finiteness of the eigenvalues of the discrete Schrodinger operator associated to a 
system of three-bosons on one dimensional lattice 1} has been shown. 

Section 1 is an introduction. In Section 2 we introduce the Hamiltonians of systems 
of two and three-particles in coordinate and momentum representations as bounded self- 
adjoint operators in the corresponding Hilbert spaces. 

In Section 3 we introduce the total quasi-momentum, decompose the energy operators 
into von Neumann direct integrals, introduce discrete Schrodinger operators h^{k),k £ T”* 
and K £ T'^, choosing relative coordinate system. 

We state the main results in Section 4. 

We introduce the channel operators and describe the essential spectrum of Hfj_{K) by 
means of the discrete spectrum of the two particle Schrodinger operators h^{k)^ fc £ 
(Theorem l4.2b in section 5. 

In Section 6 we prove the finiteness of the number of eigenvalues of the three-particle 
Schrodinger operator H^{K), iT £ (Theorem l4.3l) and finiteness of isolated bands in a 
system of three particles in an optical lattice. 


2. Hamiltonians of three identical particles on a lattices in the 

COORDINATE AND MOMENTUM REPRESENTATIONS 

Let l/, d = 1, 2 be the d-dimensional lattice. Let P[{l/')'^],d = 1, 2 be Hilbert space 
of square-summable functions (p defined on the Cartesian power of d =1,2 and 

let C £^[(Z‘^)™] be the subspace of symmetric functions. 
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Let A be the lattice Laplacian, i.e., the operator which describes the transport of a 
particle from one site to another site: 

(AV;)(a:) = ^ ^ 

kl=i 

The free Hamiltonian ho of a system of two identical quantum mechanical particles with 
mass m = 1 on the d-dimensional lattice d = 1, 2 in the coordinate representation is 
associated to the self-adjoint operator ho in the Hilbert space [(Z'^)^]: 

ho = A(8>/ + J(g)A, 

where (8> denotes the tensor product and / is the identity operator on L^(Z‘^). The Hamil¬ 
tonian h^ of a system of two identical particles with the two-particle pair zero-range at¬ 
tractive interaction /rD is a bounded perturbation of the free Hamiltonian hg on the Hilbert 
space 

= lio + fJ'V- 

Here /i < 0 is coupling constant and 

{v-lp){xi,X2) = Sx^x^-lp{xi,X2), Ip € f^’®[(Z‘^)2], 
where dxix^ is the Kronecker delta. 

Similarly, the free Hamiltonian Hq of a system of three identical particles on the d- 
dimensional lattice Z'* with mass m = 1 is defined on the Hilbert space 

i/o = A(g)/(g)/-fJ(8)A(g)/-b/(8)J(8)A. 

The Hamiltonian H^ of a system of three identical particles with the two-particle pair zero- 
range interactions v = = V 0 'y,ct, /?, 7 = 1, 2, 3 is a bounded perturbation of the free 

Hamiltonian Hg 

H^ = Hg -f fiY, 

where V = X]a=i ^a, Va = V,a = 1, 2, 3 is the multiplication operator on 
defined by 

{Va'lp)ixi,X2,X3) = Sxf^x^'lpixi,X2,X3), 

a ^ /3 ^ 7 ^ a, a,/3,7 =1,2,3, -tp G f^’®[(Z‘^)^]. 


2.1. The momentum representation. Let T®* = (—7r,7r]‘^ be the d— dimensional torus 
and L2’®[(T‘^)"*] c be the subspace of symmetric functions defined on the 

Cartesian power (T‘^)"‘, m gN. 

Let T : -G £"^{11^) be the standard Fourier transform 

J : ^ l2(T‘'), [T(/)](p) := ^ f{x) 

xe’Z'^ 

with the inverse 

^ £‘^{Z‘^), [T{'iP)]{x) ■-= [ 'ipip)r){dp) 

Jjii 

dd 

and r]{dp) = j 2 ^ (normalized) Haar measure on the torus. 

It easily can be checked that Fourier transform 

A = TA T* 
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of the Laplacian A is the multiplication operator by the function e{'): 

{Af){p)=s{p)f{p), /gL 2 (T‘^), 

where 

d 

e(p) = “ cospW), p = {p^'^\...,p^'^'>) G T'*. 

i^l 

The two-particle total Hamiltonian in the momentum representation is given on 

as follows 

= ho + ^J-v. 

Here the free Hamiltonian hg is of the form 

ho = A( 8 )J + J(g)A, 

where I is the identity operator on It is easy to see that the operator hg is the 

multiplication operator by the function e{ki) + e(fc 2 ) : 

(ho/)(A:i, fc 2 ) = [e(fci) + £(fe)]/(fci, ^ 2 ), / G 
and V is the convolution type integral operator 

{vf){ki,k2)= J S{ki + k2 - k[ - k2)f{k[,k2)p{dk[)p{dk2) 

(Td)2 

= J fik[,ki + k2- k[)pidk[), / G L 2 '*[(T") 2 ], 

Td 

where (5( ) is the d— dimensional Dirac delta function. 

The three-particle Hamiltonian in the momentum representation is given as bounded 
self-adjoint operator on the Hilbert space [(T'^)^] 

H^ = Ho + piVi + 1/2 + '^"3), 

where Hq is of the form 

Ho = A( 8 )J( 8 )J-fJ(g)A( 8 )J-fJ(g)/(g)A, 

i.e., the free Hamiltonian Hq is the multiplication operator by the function X]a=i s{ka): 

3 

(Ho/)(fci,fc2,A:3) = ['^e{ka)]f{ki,k2,k3), 

a—l 

and Voc = Vja = 1^2 are convolution type integral operators 

^ 7 ) 

= j S{ka-k'J5{kp + kj-k'^-k0)f{k'^,k'p,k'^)p{dk'Jr]{dk'i3)r]{dk'^) 

(Td)3 

= If{k^, 4 , kp + k^- k'pMdk'p), / G 

Td 
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3. Decomposition of the energy operators into von Neumann direct 

INTEGRALS. QUASI-MOMENTUM AND COORDINATE SYSTEMS 

Let fc = fci + ^2 G resp. ilT = fci + A :2 + A :3 G be the two- resp. three-particle 
quasi-momentum and the set Qfc resp. is defined as follows 

qk = {{ki,k- ki)&{T'^f : fci e - fci G T^} 


resp. 

= {{ki, k2, K-ki- fe)G(T‘^)3 : ki,k2 G - fci - fc2 G T^}. 

We introduce the mapping 

TTi : ^ 7ri(A:i,fc2) = fci 


resp. 

^2 : ^ (T^)", Mki,k2,k3) = {kiM)- 

Denote by fc G resp. ttk , K the restriction of tti resp. 712 onto C 

(T‘^)2, resp. Qk C (T^)^, that is, 


Tfe = 7ri|Qj, and = 7r2|QK. 

It is useful to remark that fc G resp. Qk, if G T'^ are the d— resp. 2d— dimen¬ 
sional manifold isomorphic to resp. 

Lemma 3.1. The mapping tt^, /c G resp. ttk, if G T'^ is bijective from C (T"^)^ 
resp. Qk C onto resp. (T*^)^ with the inverse mapping given by 

(7rfe)“^(fci) = {ki,k- ki) 


resp. 

iTTK)~^iki,k2) = {ki,k2,K - ki - ^ 2 )- 

Let L^’'^(T'^) C L^(T'^) be the subspace of even functions. Decomposing the Hilbert 
space L^’'*[(T'^)^] resp. L^’'*[(T'^)^] into the direct integral 

^2,s[(jd-^2] ^ f (^L‘^’^(jd-^r){dk) 

resp. 

L2.«[(Td)3] ^ f (sL‘^’^[{Ty]p{dK) 

yields the decomposition of the Hamiltonian h^ resp. H^ into the direct integral 

V = j ®hp.{k)p{dk) 

fceT'^ 

resp. 

= y (BH^,{K)pidK). 

KeT‘‘ 
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3.1. The discrete Schrodinger operators. The fiber operator h^{k), fc G is unitarily 
equivalent to the operators h^{k), fc G acting in C L 2 (T‘^): 

(3.1) hfj,{k) = ho{k) + fj,v. 

The operator ho{k) is the multiplication operator by the function Ek{p)- 

iho{k)f)ip) = £-k{p)f{p), f G 

where 

£fc(p) =e(| -P) +e(| +P) 

and 

{vf){p) = J f{q)dr,{q), f G 

jd 

The fiber operator K G is unitarily equivalent to the operator H^{K), 

iG G given by 

H^{K) = Ho{K) + p{Vi + ^2 + V^), = F, a = 1, 2, 3. 

The operator Hq{K), K acts in the Hilbert space and is of the form 

{H^{K)f){p,q) = E{K-p,q)f{p,q), f G 

where 

E{K;p, q) = e{K - p - q) + e{p) + e{q). 

The operator V = Fi + V 2 + V 3 acts in [(T'^)^] and in the coordinates {p, q) G 
can be written as follows 

(V/)(p,g)=y f{p,t)T]{dt)+ J f{t,q)T]{dt) + J f{t,K - p - q)r]{dt)J € 

'^d 'J’d 


4. Statement oe the main results 


According to Weyl’s theorem m the essential spectrum (Tessspec(^/i(fc)) of the opera¬ 
tor h^ik), fc G coincides with the spectrum a{ho{k)) of ho{k). More precisely, 


•^essspec {h,{k)) = £^ax(fc)], 


where 

£min(fc) = min £fc(p) = 2^[1 - cos( —)] 

i—\ 

^ ^(*) 

£max(fc) = max£fc(p) = 2 > [1 + cos(—-)]. 

pGT'i ^' 2 

i—\ 

The following Theorem states the existence of a unique eigenvalue of the operator 

h^{k). 


Theorem 4.1. For any p < 0 and k G d = 1, 2 the operator hfj,{k) has a unique 
eigenvalue e^{k), which is even on'f'^ and satisfies the relations e^{k) < £min(A), A G 
and e^(0) < e^(A), A ^ 0. Moreover, for any p < 0 the eigenvalue e^(A) is regular 
function in A G T®*. 
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The associated eigenfunction //i,e^.(fc) (•)) k G T‘^ is a regular function on and has 
the form 

licjk) 

where c{k) ^ 0, /c G is a normalizing constant. Moreover, the vector valued mapping 
is regular on T^. 


Theorem l4.1l can be proven in the same way as in||9l. 

We note that the spectrum aspeciHo{K)) of the operator Ho{K), K G is the seg¬ 
ment [Ei„in(if),Emax(f^)], where 

Emin(^f) = min E{K;p,q), Emax(^f) = ma,x E{K;p,q). 

p,q^T^ p,qGT^ 

We describe the essential spectrum of the three-particle operator K G by 

the spectrum of the non perturbed operator Hq{K), K gT'^ and the discrete spectrum of 
the two-particle operator hp,{k), A: G in the following theorem. 

Theorem 4.2. Forany p < 0 the essential spectrum aessspec{Hp{K)) of K gT‘^ 

is described as follows 

^essspec {H^{K)) = Uk^r4e^{k) + e{K - k)} U [E^in{K) , -£/max m, 
where e^(fc) is a unique eigenvalue of the operator hf^{k), k G 


The next theorem states the finiteness of the number of eigenvalues for the Schrodinger 
operator Hp^{K) and the analyticity of the eigenvalues and associated eigenfunctions. 

Let Us(k)[Ph{K)] = {K G : |iL — p^(E')| < i5} be i5 = S{K)— neighborhood of 
the point p^(iL) G T"^. 

Theorem 4.3. Let d = 1,2 and p < 0. Then 

(i) There exists <5 > 0 such that for each K G the operator Hp,{K) has fi¬ 

nite number of eigenvalues Ei^p^{K),En^^{K) lying below the bottom of the 
essential spectrum a'essspec{Hp,{K)) with the associated bound states 

K G C/ 40 ]. 

(ii) The eigenfunction f^j,,E,^(K){'^ •) € ofHp^{K) associated to the eigen¬ 
value E^{K),K G C/^p] is regular in {p,q) G Moreover, each eigenvalue 

Efj,{K), K G C/^p] of E[fj,{K) is a regular function in K G LA 5 [ 0 ] and the vector 
valued mapping 

f^ : Us[0] ^ L^[Us[0],v{dKy,L^^%T‘^ f], K -G f^^E,(K) 
is also regular on T'^. 


Corollary 4.4. The two-particle Hamiltonian h^ has a unique isolated band spectrum and 
the three-particle Hamiltonian have a finite number band spectrum. 

Denote by TspeciHtJ.{K)) resp. Tessspec{Hii{K)) the bottom of the spectrum resp. es¬ 
sential spectrum of the three-particle Schrodinger operator K G T'^, i.e., 

T,p,,{H^{K)) = ^mljH^{K)f,f). 
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resp. 

(4.1) 

Let 


^essspec {H^{K)) = inf 

^essspec 


(^esstwo(-^/j,('^)) — si^K ^)}- 


resp. 

^essthree(-^/j,(-^)) [-^min max m 

be the two-particle resp. three-particle essential spectrum of H^{K), if G T'* and 


'^esstwo(.^/i(.^)) — inf f^esstwo(.^^(.^)) 


resp. 

ressthree{H^{K)) = E^^K) = ^ J(iio )/,/)] 
be the bottom of the two-particle resp. three-particle essential spectrum. 


Remark 4.5. For the operator (K) associated to a system of three bosons on the lattice 

d = 1, 2 Theorems H. l\ and \4.2\ sive 

^esstwo(idM(^)) ^ 0 


and 


and hence 


'^esstwoi^H < Tessthree(.^/i(.^)) 


f^essthree(di^(if)) C (Jessspec (.^/i (df)). 


Consequently, the inequality 

^essspec 

holds, which allows to prove the finiteness of the number of bound states of three interacting 
bosons on the lattice Z^*, d = 1, 2. 


Remark 4.6. We remark that for the three-particle Schrodinger operator ii^(if), associ¬ 
ated to a system of three bosons in the three-dimensional lattice Z^, there exists po > 0 
such that 

f^essspec(di^Q ( 0 )) = tTessthree(.^/io ( 0 )) 


and hence 


"^essspec (^Mo(ii)) ~ 'ressthree(di/Jo (0))- 

At the same time for any nonzero if G the following relation 


O’esstwo(di/jo(-f^)) 7^ 0 


holds and hence 


and 


"Tesstwo (.^/io (-^)) ^ 'tessthree(.^/io (-^)) 


^essthree(,E C (J essspec 

Thus only the operator (0) may have an infinite number of eigenvalues below the 
bottom of the three-particle continuum (Efimov ’seffectmm, which yields the existence of 
an infinite number of bound states. 
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5. The essential spectrum of the operator 

Since we are considering the system of identical particles, there is only one channel 
o^tmtor H^ ch{K),K d — 1, 2 dehned in the Hilbert space = L^(T'^)(g) 

^2.e(-]pd) as’ 

= HoiK) + 

The operators Hq{K) and V = Va act as follows 

{HoiK)f){p,q) = e{K;p,q)f{p,q), f G 

where 

S,{K;p,q)= e{K - p) + e(| - q) + e(| + q) 

and 

iVf)ip,q) = I fipMdt), f G L2.«[(T^)2]. 

The decomposition of the space into the direct integral 

^2,sj(Td)2j ^ J 
feGT** 

yields for the operator H^^ch{K) the decomposition 

Hf^,chiK)= J ®h^{K,k)ri{dk). 

The fiber operator h^{K, k) acts in the Hilbert space and has the form 

(5.1) h^{K,k) = h^{k) + e{K - k)I, 

where I = Ii^ 2 ,e(jd'^ is the identity operator and hf^{k) is the two-particle operator defined 
by (13.11) . The representation (15.11 ) of the operator hf^{K, k) and Theorem l4.1l vield for the 
spectrum of operator h^{K, k) the equality 

(5.2) a{h^{K, k)) = Z^{K, k) U [£„,i„(A:), £™ax(fc)], 
where 

k) = e^(fc) + e{K - k) 

and e^(fc) is the unique eigenvalue of the operator h^{k). 

The spectrum of the channel operator H^^ch{K)^ iT G is described in the following 

Lemma 5.1. The equality holds 

<y{H^^ch{K)) = UfcgT<i {Z^iK, k)} U [£’inin(lT), Eynax{K)]- 

Proof The theorem (see, e.g.. lfT5l l on the spectrum of decomposable operator and the 
structure (15.2b of the spectrum of h^{K^ k) give the proof. □ 

The essential spectrum of H^{K), iT G is described in the following 

Theorem 5.2. The equality 

^essspec 

holds. 

Proof. Theorem l5.2l can be proven by the same way as Theorem 3.2 in 0. □ 
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Theorems 14. 1 1 and 15.21 yield that the bottom TessspeciHfj,{K)) of the essential spectrum 
of the operator H^{K) less than the bottom Tspec{Ho{K)) = Tessthiee{Hfi,{K)) of the 
spectrum of the non-perturbed operator Hq{K), which is attribute for the three-particle 
Schrodinger operators on the lattice and Euclid space in dimensions d = 1,2. 


Lemma 5.3. For any fi < 0 and K £T‘^,d = 1,2 the bottom of the essential spectrum of 
H^{K) satisfies the relations 

^essspec (iJ^(iT)) < Tessthree(i?M(^)) — ^spec (HoiK)) = E^UK) 

holds, where Tessspec(H^{K)) is defined in (14.11 1. 

Proof Theorem l4.1 I vields that for any fc G the operator has a unique eigenvalue 

e^(fc) < 2£(|) = £.min{k). 

Hence 


Z^{K,k) 


k=^ 


. /XL, _ / XL , / XL ^ ^ XL ^ „ /^^, 

= ^ + ^i~) ~ 3e(-^) = E-cain{K). 


,K, 

y 


,K, 

y 


y 


y 


The definition of Tg. 


z{Hp,{K)) gives 


ressspec{H^{K)) = T.pgc(iT)) 

= = mi^Z^{K,k) < e^(^) -f £(y) < 3e(y), 


which proves Lemma 1531 


□ 


6. Proof of the main results 


For any K,k € T‘^,d =1,2 the essential spectrum aessspec{hij,{K,k)) of the oper¬ 
ator hf^{K, k), K,k G coincides with the spectrum a{hp{K, k)) of hp{K, k). More 
precisely, 

^essspec {h^{K,k)) = [En.in{K,k), fc)]. 

Emin{K, k) = mlwE{K, k;q) = min£fc(g) -f e{K — k) = 2e(^) -f e{K - k) 
E^aAK,k) = inaxE{K,k-,q) = max£fc(g) -f e{K - k) = [2d - £(^)] -|-£(iT - k). 

9 9 2 


The determinant A^(iT, k; z), K,k G d = 1, 2 associated to the operator h^{K, k) 
can be defined as an regular function in C \ [Ej^iniK, k), E^ax{K, fc)] as 


Af^{K,k;z) = 1 + p 


Td 


ri{dk) 

E{K,k;q) - z' 


Let Lf,{K,z), K € z 
L^{r^) as 

[Lfj,{K,z)w]{p) = -P J 


< Tessspec{H^{K)) be a self-adjoint operator defined in 


Af,^{K,p, z)A^^{K,q,z) 
E{K-,p,q) - z 


w{q)p{dq),w G T 2 (T‘'). 


The operator {K, z) is a lattice analogue of the Birman-Schwinger operator that has been 
introduced in |[8l to investigate Efimov’s effect for the three-particle lattice Schrodinger 
operator id^(iT). 
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For a bounded self-adjoint operator A in a Hilbert space Jf and for each 7 S M we 
define the number n+ [ 7 , A] resp. n_ [ 7 , A] as 

n+[l,A] : 

= maxjdim J{j( 7 ) : Jfjj( 7 ) C Jf subspace with {Aip,i^) > 7 , (/? e tK^( 7 ), ||(/ 3 || = 1} 
resp. 

n_[ 7 , A] : 

= max{dim J{j^( 7 ) : dfjj( 7 ) C df subspace with {Ai^,(p) < 7 , G ^{^( 7 ), ||(^|| = 1}. 

If some point of the essential spectrum of A is greater resp. smaller than 7 , then n+[ 7 , A] 
resp. n_ [ 7 , A] is equal to inhnity. If n+ [ 7 , A] resp. n_ [ 7 , A] is hnite, then it is equal to the 
number of the eigenvalues (counting multiplicities) of A, which are greater resp. smaller 
than 7 (see, for instance, Glazman lemma IITSl '). 

Remark 6.1. Theorem \4.2\ vields that for any K £T‘^ the operator H^{K) has no essen¬ 
tial spectrum below Tessspec{H^{K)). 

Lemma 6.2. (The Binnan-Schwinger principle). For each p, < 0, K € and z < 
TessspeciH^{K)) the Operator L^(iF, z) is compact and the equality 

n_[z,H^{K)\ = n+[l,lj^j,{K,z)\. 

holds. Moreover for any /r < 0, iF G T'^ the operator L^(iF, z) is continuous in z G 
( 00, Tessspec (-^/i (-^)))- 

Proof. We hrst verify the equality 

(6.1) n_[z,H^{K)]=n+[f-ipRl{K,z)VRl{K,z)]. 

Assume that rt G ‘Kfj (k)(^) that is, {{Hq{K) — z)u,u) < —3p(^Vu,u). 

Then 

(.y,y) < {-‘^dRo{K,z)VRl,{K,z)y,y), y = R^{K,z)u, 
where Ro{K, z) is the resolvent of the iFo(^)-Hence 

n-[z, H^iK)] < 7T+[1, -3prI (K, z)VrI (K, z)]. 

Reversing the argument we get the opposite inequality, which proves (16. 11 1. 

- i i - 

Note that any nonzero eigenvalue of R§ {K, z)V 2 is an eigenvalue for V R§ {K, z) as 
well, of the same algebraic and geometric multiplicities. Therefore we get 

n+[l, -ipRl {K, z)VrI {K, z)] = n+[l, -3pViRo{K, z)V^. 

Let us check the equality 

n+[l, -SpV^RoiK, z)V^] = n+[l, L^{K, z)]. 

We show that for any 

u G df+ 1 1 (1) 

-3IJ.V2 Ro(K,z)V 2 ' 

there exists y G such that {y,y) < z)y,y). 

Let u G TL*" 1 1 (1). Then 

-3tiV2 Ro{K,z)V2 

{u,u) < —3p{V^R q{K, z)V^u,u) 
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and 

(6.2) ([/ + fiV^Ro{K, z)V^]u,u) < —2^{V^Ro{K, z)V^u,u). 

Since z < Tessspec(^^;i(^^)) the operator z)V^ is invertible and positive 
the operator {K, z) = {I + pV 2 Ro{K, z)V 2 )“ 2 exists. Setting 

y = {I + fiV^Ro{K, z)V^)^u 

gives us 

iy,y) < -2y{whK,z)viRoiK,z)V--whK,z)y,y). 

1 _1 
Since Wi^ {K, z) is the multiplication operator by the function ^ {K,p ; z) the inequal¬ 
ities 

{y,y) < (Lt,{K,z)y,y) 

and 

n+[l, {K, z)VR§ {K, z)] < n+(l, z)) 

hold. By the same way one checks that 

n+(l, z)) < n+(l, -3 p4 ^))- 

□ 


The following lemma gives the well known relation between the eigenvalues of (iT, k) 

and zeros of the determinant A^(iT, k;z) ||3| . 

Lemma 6.3. For all K,k G the number z G C\[F^in(-R, k), Fma.x(^, k)] is an 
eigenvalue of the operator h^(K, k) if and only if 

A^iK,k;z) = 0. 

The proof of Lemma lbAl is usual and can be found ||9ll . 


Lemma 6.4. The following assertions (i)-(iv) hold true. 

(i) Iff G solves H^{K)f = zf, z < T^ssspedH^{K)) then 

ijj{p) = A^{K,p;z)ip{p), where ip{p) = J f{p,t)y{dt) G L^(T‘^) 

T<i 


solves fi = L^(fc, z)il). 

(ii) If Ip G solves ip = L^(fc, z)f, then 


f{p,q) 


tMp) + Tig) + TjK -p-q)] 

E{K;p,q) - z 




where p(j>) = A^ ^ {K,p ; z)'f{p), solves the equation iJ^(iT)/ = zf. 

(hi) For any fi < 0 the eigenvalue Efj^(K) < TessspeciHfj^{K)) of the operator H^{K) 
and the associated eigenfunction f G are regular in K G T'^. 


(i) Let for some K gT‘^ and z < ressspec(-ff/x(-^)) the equation 


{Hf,{K)'f){p,q) = zipip^q), 


Proof. 

( 6 . 3 ) 
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(6.4) 


(6.5) 


i.e., the equation 

[E{K-,p,q) - z\f{p,q) 

=-m[ J f{p,t)vidt) + J f{t,q)r]{dt) + J f{K-p-q,t)r]{dt)] 

■jpci 'Jd 'jd 

has a solution / G 
Denoting by 

V’ip) = f f{p,t)r]{dt) 


fd 

we rewrite the equation (I6.41 i as follows 

, . (p{p) + ipiq) + ip{K - p - q) 

f[p,q) = -p -- 1 - 

E{K;p,q} - z 
which gives for ip G L^(T‘^) the equation 

p(p) + ip{t) + ip{K -p-t) 


( 6 . 6 ) p{p) = -pJ 

jd 


E{K;p,t) - z 


G 


r){dt). 


d\2] 


Since the function E{K]p, t) is invariant under K — p — t ^ t, we have 


‘fiip) 


1 + /i 


dq 




EiK;p, q)- z 


= 2p, 


Pid) 


Td 


EiK;p,q) - z 


r){dq) 


Denoting by A^{K,p ; z)(p{p) = ip{p) and taking into account the inequality 


Afj,{K,p;z) z <- 

(6.7) V’(P) = -2p J 


essspec 


{E[^{K)) we get the equation 


Td 


A^--{K,p-z)A^-HK,q-z)^{q) 

E{K-,p, q)-z 


r]{dq). 


(ii) Assume that for some z < Tessspec{Hfj,{K)) the function ip G is a solution 

of the equation (l6.71 l.Then ip{p) = A~i{K,p ; z)ip{p) G is a solution of 

the equation (16.6b . Hence the function defined by (16.5b belongs and is 

a solution of the Schrodinger equation H^{K)f = zf, i.e., / is an eigenfunction 
of the operator H^{K) associated to the eigenvalue z < Tessspec{Hfj,{K)). 

(iii) For all /r < 0, AT G and z < Tgssspec{Hfj^{K)) the kernel function 


Ly,{K,z-,p,q) = -2fi 


^P^{K,p,z)Ai_,^{K,q, z) 
E(K-,p, q)-z 


of the operator L^(Ar, z) is continuous in p, g G T"^. Hence, for any p < 0 and 
AT G the Fredholm determinant D^{K, z) = det[/ — L^(Ar, z)] associated to 
L^(A:, z;p, g) is real and regular function in z G (-oo, Tessspec(77^(Ar))). 

Lemma |63] and the Fredholm theorem yield that each eigenvalue E^{K) G 
(—oo, Tessspec{Hfi{K))) of the Operator 77^ (AT) is a zero of the determinant 77^ (AT, z) 
and vice versa. Consequently, the compactness of the torus T'* and implicit func¬ 
tion theorem yield that for each p < 0 the eigenvalue A^(7f) of 77^(76) is a 
regular function in 77 G <7 = 1, 2. 

Since the functions A^(77, p; E^{K)) and E{K;p, q) — A^(77) are regular in 
77 G the solution ip G of the equation (16.7b and hence the function 
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tf are regular in K G T'^. Hence, the eigenfunction (I6.51 l of the operator H^{K) 
associated to eigenvalue E^{K) < Tessspec{H)^{K)) is also regular in K G 
Consequently, the vector valued mapping 

/^ : ^ r^{dK)- L2>*[(T'')2]], K ^ •) 

is regular in T'^. 

□ 


Now we are going to proof the hniteness of the number N[K, Tessspec{H^{K))) of 
eigenvalues of the three-particle Schrodinger operator Hfi{K),K G t/ 5 [ 0 ]. 

We postpone the proof of the main theorem after the following two lemmas. 

Lemma 6.5. Let d = 1,2. For any K G Us{Q) there are positive nonzero constants Ci 
and C 2 depending on K and a neighborhood Us{k) \Pp.{K)\ of the point G such 

that for all p G Us(k) [P/i(^)] the following inequalities 

Ci\p-p^{K)\'^ < A^iK,p,TessspeciH^iK))) < C2 b - (Jf) |" 

hold. 


Proof We prove Lemma |63] for the case d = 2. The point p = 0 is the non degenerate 
minimum of the function e(p), i.e., 

e(p) = + Odpl"*) as p 0 . 


Since the eigenvalue e^(p) lying below the essential spectrum is a unique zero of the 
determinant A^(p, z) associated to operator h^{p), simple computations gives 


(1 0 
\i9p(*)5p(l) ) ij=i \ 0 1 


C > 0. 


Analogously, the eigenvalue Z^(0,p) of the operator /i^(0,p), lying below the essential 
spectrum, is unique zero of the determinant A^(0,p, z) and hence the point p = P;j(0) = 
0 G is non-degenerate minimum of 


Z^( 0 ,p) := e^(p) +e(p). 

Therefore for any K G Us{0) the point p^ (AT) G Us{0) is non degenerate minimum of the 
function Z^(Ar, p) and the matrix 


f d^Z,iK,p,iK)) Y 

V 9pWapO) 


I positive dehnite. Hence, the eigenvalue Z^{K,p) has following asymptotics 


( 6 . 8 ) Z^{K,p) = T,,,,^UH^.{K)) + (B{K){p-p^{K)),p-p^{K))+o{\p-p^,{K)\^), 


as \p-pi^{K)\ 0 , where Tessspec(iT^(A:)) = Zf,{K,p^{K)). 

For any K,p G there exists a 7 = 'y{K,p) > 0 neighborhood Wj{Zfj^{K,p)) of the 
point Z^{K,p) G C such that for all z G Wj(Zf^(K,p)) the following equality holds 


A^(K,p,z) = J^C„(p,K,p)(z - Z^(K,p))^, 

n—1 
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where 

Ci{n,K,p) = ^ ^12 < O' 

J [E{K;p,q) - Zfj,{K,p)Y 

fd 

From here one can concludes that for any K G Us(0) there is Us(K)iPtJ.iK)) and for all 

p G Us(k){p^l{K)) the equality 

(6.9) 

A^{K,p,TessspeciHf^{K))) = [Z^{K, p) - TessspeciH, p, TessspeciHfj^{K))) 

holds, where A^{K^Pfi{K)^Tessspec{Hfi{K)) Y 0- Putting (I6.91 l into ( I 6 . 8 I 1 proves Lemma 

O □ 


Lemma 6.6. Let K G Us{Q). The operator z) can be represented as sum of the two 

operators 

L^iK,z) = Ll}\K,z)+L(^\K,z), 

where the operator z), z < Tessspec(dd/d(E) has finite rank and z), z < 

TessspeciHp,{K) belongs to the Hilbert-Schmidt class. 


Proof We represent the operator (iG, z) as sum of two operators 
L^(iG,^) = LW(iG,z)+L(f)(iG,^), 

where 

Td ^^(.K,p,z)A^{K,q,z) 

is the finite rank operator, where 

^l!HK,z;p,q) 


and 


where 


E{K]p,p^{K)) - z E{K;pf,{K),q) - z E{K\p^{K),p^{K)) - z 

[LP>(A>H(p) = 2m / Lg‘(A..;M,M)M(<,)M(<i,) ^ 

Td ^^iE,P,zA^{K,q,z) 


^''u\K,z;p,q) = 


1 


-^nHK,z;p, q). 


^ ^ E(K-p,q)-z ^ 

For any z < Tessspec{Hfi{K)) the kernel z;p,q) of the operator z) is a 

/o') 

regular function at the point {p^{K),p^{K)) and z;p^(iL),p^(iF)) = 0. 

Lemma l53] vields the inequality 

E{E]p^q^ 'fessspeciE 

-^min (K) 

"^essspec (H^iK)) > 0 . 

Hence the functions 


[EiK;p,q) -TessspeciH^iK))]-^ -hl}\K,TessspeciH^iK));p,q) 
is regular in (p, q) G T^. 

So, the operator TessspeciH^{K))), K G Us{0) belongs to the Hilbert-Schmidt 

class. □ 
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Proof ofTheorem l4,3l For any compact operators Ai, A 2 and positive numbers Ai, A 2 
Weyl’s inequality 

n+[Ai + A 2 , Ai + A 2 ] < n+[Ai, Ai] + n+[A 2 , A 2 ] 
gives that for all z < Tessspec{Hfj,{K)), K S Us{0) the relations 

n+[l,Lf,{K,z)] < n+[^,Ll}'>(K,z)]+n+[^,L^^'>{K,z]) < 

< \K, z)] + ''^+[ 2 ) TeBsspec{Hi^{K)))] + 

+n+[i (X 

7 ^essspec 

( 2 ) 

hold. The compactness of L/j {K, Tessspec(.H^{K))), K € Us{Q) yields 
n+[i L(,2)(iT 

7 ^essspec {Hf,{K)))\ < 00 . 

/o\ 

The operator {K, z) is continuous in z < Tessspec{H^{K)) and converges to 

/OA 

1j)j, {K,Tessspec{H^{K))) in uniform operator topology. Therefore for all sufficiently 
small \Tessspec{H^{K)) - z\ we have 

n+[i L(f)(iT,z)-L^2)(^ 

7 "^essspec (iF^(iT)))] = 0. 

The dimension of rank of z), z < Tessspec(,H^[K)) does not depend on z < 

"^essspec {H^{K)) and 

< 00 . 

Lemma lh^ vields that the operator L^{K, Tessspec{Hfj_{K))), K € Us{0) has a finite num¬ 
ber eigenvalues greater than 1 and consequently by Lemma l6^ the operator H^{K),K G 
Us{Q) has a finite number of eigenvalues in the interval (— 00 , Tessspec{Hfj,{K))). 

From Lemma 16751 one concludes that if E^{K) < Tessspec{H^{K)) is an eigenvalue of 
the operator H^[K) then the associated eigenfunction is of the form (I6.51 l. 
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